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Numerically redundant sets
span a lower dimensional space when analysed numerically rather than analytically 

This is equivalent to: the singular values of the synthesis operator  

satisfy  

You recognise this if: you have plenty of data on  yet the system of equations to 
compute coefficients  is ill-conditioned anyway

σmin ≤ ϵmachσmax

f
c

𝒯n : ℂn → H, c ↦
n

∑
i=1

ciϕi



Numerically redundant sets
offer a lot of flexibility 

incorporate knowledge on f 
by combining / weighting basesapproximate on irregular domains

left: (Matthysen and Huybrechs, 2018) , right: (Gopal and Trefethen, 2019)
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On a computer, the basis functions  are perturbed to  

 

 

‣ the numerical accuracy depends on the norm of the coefficients   

‣ the difference is only significant if  has small singular values
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subsequence is again an  
orthonormal / Riesz basis

subsequence is  
numerically redundant as n → ∞
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Convergence guarantees
Assume , then  and{ϕi}n

i=1 ⊂ {ϕi}∞
i=1 and f ∈ span({ϕi}∞

i=1) f =
∞

∑
i=1

aiϕi

The existence of bounded coefficients  guarantees convergence to  {ai}∞
i=1 ϵmach

lim
n→∞ ( inf
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Backward stability does not suffice
We look for coefficients  that minimize 

 

where  are linear sampling functionals 

Numerical algorithms 

             

such that 

c

∥Ac − b∥2  with (A)i,j = li(ϕj) and (b)i = li( f )

{li}m
i=1

̂c = arg min
x

∥(A + ΔA)x − (b + Δb)∥2 where ∥Δ ⋅ ∥2 ≲ ϵmach∥ ⋅ ∥2

∥A ̂c − b∥2 ≲ inf
c

∥Ac − b∥2 + ϵmach (∥A∥2(∥ ̂c∥2 + ∥c∥2) + ∥b∥2)

For numerically redundant sets,  is  
heavily ill-conditioned and  can be huge! 

A
∥ ̂c∥2
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If we penalize the norm of the coefficients 

 

then backward stable algorithms guarantee  

 

Remember: the numerically achievable accuracy equals 
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‣ truncated singular value decomposition (TSVD) 
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Common strategies
-regularization 

‣ Tikhonov regularization 

‣ truncated singular value decomposition (TSVD) 

Numerical orthogonalization on a dense grid  

             

ℓ2

{tj}m
j=1

(T + ΔT) = QR where T =
ϕ1(t1) … ϕn(t1)

⋮ ⋮
ϕ1(tm) … ϕn(tm)

 and ∥ΔT∥ ≲ ϵmach∥T∥2

ϵmach

singular values of the  
system of equations

ϵ
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that satisfy these norm inequalities?
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When using uniformly random samples, the required number of samples equals 
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(analytically)                                               (numerically)
m ≥ C∥kn∥∞ log(n) m ≥ C∥kϵ

n∥∞ log(nϵ)

∥kn∥∞ = 𝒪(n2)

 (double precision)∥kϵ
n∥∞ = 𝒪(n)

 (single precision)∥kϵ
n∥∞ = 𝒪(n)
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‣ The bad news - slower convergence  

‣ The ugly news - regularization 

‣ The good news - less data

Conclusions

Not immediately  
clear who wins…

+ more in the paper (on arXiv) 
+ I haven’t talked about fast solvers 
+ I’m working on efficient Christoffel samplers


